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It is useful to be able to suppress the NMR signal from spins
in a flowing fluid, for example for ‘‘black-blood’’ visualization
of blood vessels in vivo, for the suppression of flow artifacts, and
for the estimation of tissue perfusion by continuous labeling of
inflowing arterial spins. This work considers the flow of fluid
through a region in which it is subjected to a train of saturation
pulses. Computer simulations and in vitro measurements show
that a train of equal-duration spoiler pulses produces less ef-
fective suppression than does a train of pulses of geometrically
increasing duration. It is shown analytically that a long train of
ideal equal-duration spoiler pulses converts initial magnetiza-
tion (0, 0, M0) into a combination of longitudinal and transverse
magnetization equal to 0.29 (2M0, 0, M0) and is therefore
unsatisfactory for continuous saturation. © 1998 Academic Press

INTRODUCTION

Calculation of the NMR signal strength from flowing
spins is a complex problem that has been treated mathemat-
ically for both spin echo (1) and gradient echo (2) se-
quences. In magnetic resonance imaging (MRI) one may
wish to retain the signal from spins in flowing fluids, and
there is a large literature on methods to achieve this (3– 6).
In the medical field, the imaging of spins in flowing blood is
termed angiography and allows thein vivo visualization of
blood flow in the major arteries and veins (5–7). However,
in this work we are concerned with the opposite problem,
that of deliberately suppressing the signal from flowing
spins. Such a technique is useful for reducing flow-related
artifacts (8), for ‘‘black-blood’’ angiography (9), and for the
estimation of tissue blood perfusion (10 –14). In the last
application, arterial blood is magnetically labeled or
‘‘tagged.’’ Subtraction of labeled images from nonlabeled
images then yields perfusion images that may be quantified
using longitudinal relaxation (T1) maps. Steady-state label-
ing of inflowing arterial blood may be achieved either by
saturation (11, 13, 14) or by inversion (10, 12). Although
spin inversion theoretically gives twice as much signal as
saturation, it requires the delivery of continuous radio fre-
quency (RF) energy to effect adiabatic fast passage (15), and
is therefore difficult to implement on standard scanners
which normally allow only pulsed RF. Pulsed labeling tech-
niques (16 –18) are gaining in popularity, but yield lower

intrinsic signal-to-noise ratios than their continuous coun-
terparts and are more difficult to quantify. In this work, we
investigated the design of gradient pulse trains for the
continuous saturation of flowing fluid.

Continuous saturation is achieved by using an imaging
sequence with relatively long repetition time (TR), and
filling most of TR with saturation pulses (11, 13, 14). The
actual imaging part of the sequence is kept short to maxi-
mize the saturation efficiency. The imaging readout may be
achieved by echo-planar (single- or multishot) or by con-
ventional spin echo techniques. Each ‘‘saturation’’ pulse
consists of a 90° RF pulse to excite the spins, followed by
a gradient spoiler pulse to dephase the transverse magneti-
zation. Multiple pulses are required to ensure that all the
blood magnetization passing through the saturation region is
spoiled, regardless of its flow velocity. Slow flowing blood
will have been exposed to several saturation pulses, and
possibly more than one repetition of the entire saturation/
imaging sequence. On the other hand, fast flowing blood
will have experienced only one or a few saturation pulses,
and the maximum flow velocity determines the maximum
allowable spoiler pulse duration. The simplest implementa-
tion uses spoiler pulses of equal duration (8, 11). However,
this is unsatisfactory because of the unwanted refocusing of
magnetization (production of stimulated echoes) in blood
that is flowing slowly enough to experience three or more
pulses. This occurs because gradient spoiling is a reversible,
coherent process (19, 20), and care is therefore required in
the design of multiple pulse trains. Barker and Mareci
(20) show that to avoid stimulated echoes the time in-
tegrals of successive spoiler pulses should be related geo-
metrically.

In this work, we conducted computer simulations and
in vitro measurements of constant amplitude saturation
pulse trains having (a) equal-duration pulses and (b) geo-
metrically increasing pulse durations in order to assess the
effectiveness of continuous saturation of flowing fluid. Our
goal was the suppression of flowing fluid regardless of its
velocity and regardless of the subsequent imaging tech-
nique, so we concentrate on what happens in the saturation
region.
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METHOD

Simulations

Simulations were conducted on a Sun UltraSparc computer
(Sun Microcomputers, Mountain View, CA) and were written
in C. Visualization of results was implemented using Matlab
(The Mathworks, Natick, MA). Blood of velocityv travels in
thez-direction through a region of thicknessdsat in which it is
exposed to a train of saturation pulses (Fig. 1). Each saturation
pulse was modeled as a combination of a 90° RF pulse fol-
lowed by a spoiler gradient pulse that causes a dephasing of
transverse magnetization. The spoiler pulses had durations
Tspoil(i) and intervalsTgap(i), wherei 5 1, 2, . . . ,n, and where
n is the number of spoiler pulses in the train. The spoiler pulse
train is followed by the imaging periodTim. Blood traveling
faster thanv 5 dsat/(Tspoil(n) 1 Tgap(n)) experiences no excita-
tion pulses, and will therefore be unaffected.

A simplified form of the Bloch equations was used, in which
all operations (RF pulses, spoiling, and simple relaxation) were
represented by matrix rotations of the magnetizationM 5 (Mx,
My, Mz). The pulse sequence is thus reduced to a succession of
matrix multiplications. RF pulses were regarded as acting
instantaneously to produce a 90° rotation of the magnetization
about they-axis.

Each (x, y) pixel in the downstream image plane contains
spins that have passed through a corresponding position in the
saturation region. In the first part of the Appendix, it is ex-
plained how spoiling was simulated by summing the contribu-
tion of spin isochromats across the pixel in the direction of the
applied spoiling gradient. The readout (x) direction was chosen
for spoiling. The number of isochromats was adjusted auto-

matically to satisfy Eq. [4] (Appendix), and we used a calcu-
lation time step of 100ms. The computation time is propor-
tional to the number of time steps and to the number of
isochromats, and therefore increases as the square of the transit
time across the saturation region. We used relaxation times of
T1 5 2 s and T25 1 s to represent water, and T15 1 s and
T2 5 250 ms to represent blood (21). The saturation region
thickness was 30 mm, and the image pixel size was 1 mm.
Fluid velocities from 0.01 to 1.00 m/s (in steps of 0.01 m/s)
were studied, covering the range of blood velocities encoun-
teredin vivo. Two spoiler pulse trains were studied: one with
nine pulses of equal duration (8.8 ms), and the other with nine
pulses whose durations increased geometrically by a factor of
1.5 (1.1, 1.6, 2.4,. . . , 12, 18, 27ms). The spoiler pulse
amplitude was 10 mT/m. The gap between all spoiler pulses
was 4.4 ms, this being the time taken for slice selection and
selective RF excitation available on our scanner. To study the
effects of the saturation sequence itself, the interval between
repetitions of the spoiler train (the imaging periodTim) was set
to zero. The final magnetization of the blood (as it exits the
saturation region) was saved in text files as a function of
velocity.

In Vitro Flow Experiment

Imaging was carried out on a Siemens 1.5-T Magnetom
63SP (Siemens Medical, Erlangen, Germany) equipped with
unshielded 10 mT/m gradients having a maximum slew rate of
10 T/m/s. The standard head coil was used.

A flow phantom was constructed from rigid plastic tubing
(bore 6.1 mm) immersed in a water bath. The phantom was fed
tap water from a constant pressure-head upper reservoir and

FIG. 1. Schematic diagram showing blood flowing through a saturation region of thicknessdsat prior to an imaging plane. The sequence repetition time TR
is filled with either (a) equal-duration or (b) geometrically increasing duration spoiler gradient pulses, with each spoiler pulse being preceded by a 90° RF
excitation pulse. The blood experiences a number of spoiler pulses depending on its velocity, with slow flowing blood experiencing more than one complete train
of pulses during its transit of the saturation region. The shaded areas represent the imaging periods in between successive saturation pulse trains.
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was drained to a lower reservoir via a flow control valve. A
peristaltic pump (type 302S, Watson-Marlow, Falmouth, UK)
recirculated the water to the upper reservoir. Imaging measure-
ments were made at a flow rate of 620 ml/min (determined by
timed collection of water), corresponding to a mean flow
velocity of 35 cm/s.

A spin-echo sequence (echo time TE5 25 ms) was modified
to incorporate a train of nine saturation pulses acting on a
single, user-defined saturation region. Each saturation pulse
consisted of a 90° RF pulse followed by a gradient spoiling
pulse of 10 mT/m amplitude. In one variant all the spoiler
pulses had a duration of 8.8 ms, whereas in a second sequence
pulses with geometrically increasing spoiler durations (factor
1.5) were implemented (as described previously). All spoiler

pulses were applied in the readout (x) direction. The total TR
of the sequence was 168 ms.

Images in a plane perpendicular to the flow direction were
acquired with a 256-mm field of view (FOV), with a 30-mm
thick parallel saturation region positioned either upstream or
downstream of the region of interest. The separation between
the centers of the image and saturation planes was 80 mm, at
which distance direct interaction was negligible. An image
plane thickness of 15 mm was used to minimize spin washout
effects (8). Other imaging parameters were 2563 256 matrix
(i.e., 1 mm pixel dimensions) and four acquisitions. Both the
equal-duration and geometric saturation sequences were used.

Phase-contrast velocity mapping images were also collected
in the same image plane.

FIG. 2. Theoretical residual longitudinal magnetizationMz as a function of flow velocity, for spoiler pulses of equal duration (solid line) and geometrically
increasing duration (dashed line). (a) Water with T15 2 s and T25 1 s; (b) blood with T15 1 s and T25 250 ms. See text for details of sequence timing.
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RESULTS AND DISCUSSION

Simulations

Figure 2 shows the simulated residual longitudinal mag-
netization Mz (which contributes to the image) for spins
which have passed through a saturation region of 30-mm
thickness. In the saturation region they experience either the
train of equal-duration saturation pulses (solid line) or the
train of geometrically increasing spoiler durations (dashed
line). Results are shown for T1 and T2 relaxation parameters
representative of water (Fig. 2a) and representative of blood
(Fig. 2b). The behavior ofMz is similar for the two fluids,
with water having the higher residual magnetization and
therefore being more difficult to suppress. The behavior of
Mz for the equal-duration spoilers is striking, alternating
between two values that appear to converge as the velocity
decreases (i.e., number of applied pulses increases). In the
second part of the Appendix, it is shown how theoretical
values of Mz can be calculated for ideal spoiler pulses
(complete dephasing) in the absence of relaxation effects.
These values are given in Table 1 for the first 10 pulses,
corresponding to flow velocities above 20 cm/s.

The simulations for water are in reasonable agreement with
these theoretical values, any discrepancies being attributable to
the fact that the simulations include the effects of relaxation
with T1 5 2s and T25 1s, and that for 10 mT/m gradient
pulses, dephasing is not quite complete for the simulated 1-mm
pixels and spoiler pulses of duration 8.8 ms. In fact, zeroes of
the spoiling function (Appendix, Eq. [2]), corresponding to
successive complete wraps of the magnetization, occur at mul-
tiples of 2.3 ms under these conditions. In between the zeroes,
spoiling is dependent on the 1/vt envelope term.

For velocities between 77 and 100 cm/s, very effective
spoiling is achieved with equal-duration spoilers. However,
lower velocities lead to three or more pulses being applied to
the flowing fluid, and stimulated echoes are generated so that

the spoiling is poor; for example, only 50% suppression is
(ideally) achieved with three or four pulses (velocities between
46 and 76 cm/s). The lower the flow velocity, the greater the
number of spoiler pulses experienced during transit of the
saturation band. The residual magnetization oscillates between
two extremes that appear to converge slowly as the number of
pulses increases (Fig. 2 and Table 1). In the third part of the
Appendix, an analytical solution for the case of a very large
number of (ideal) equal-duration pulses is given, and it is
shown that the longitudinal magnetization tends towards a
value of [12 (=2 /2)]M0 5 0.29M0.

Figure 2 (dashed line) shows the residualMz for the train
of nine spoiler pulses of amplitude 10 mT/m and with
geometrically increasing durations. For velocities above 95
cm/s, the transit time is less than the duration of the last
spoiler pulse and gap ((271 4.4) ms), so that the fluid is not
excited at all, and hence no spoiling occurs. For velocities in
the range 33 to 95 cm/s, excellent spoiling is achieved, as
stimulated echoes are avoided by the use of increasing
spoiler pulse durations which prevent the refocusing of
magnetization. For velocities in the range 21 to 32 cm/s, the
spoiling is not quite so good (residual |Mz| around 0.1) as the
fluid has experienced the shortest spoiler pulses which are
inadequate to cause complete dephasing. For velocities be-
low 21 cm/s, more than one complete train of pulses is
experienced during transit, and the spoiling efficiency is not
maintained as stimulated echoes are again produced.

Flow Experiment

Figure 3 shows the results of thein vitro flow phantom
experiment. The theoretical value for the Reynolds number is
1940 for the 620 ml/min flow rate, and conditions should
therefore be nonturbulent. We also took care to provide a long
straight inlet length (approximately 80 cm) to allow the flow to
become fully developed before entering the imaging region.
Conditions of laminar flow were confirmed by the parabolic
velocity profile obtained from the phase-contrast images.

In the absence of upstream saturation (Fig. 3a), the inflowing
water appears bright in comparison with the surrounding water
bath (inflow enhancement effect). There is no signal from the
tube walls. The central pixels have a reduced intensity because
the flow velocity there is great enough for spins to pass
completely through the image slice in the echo time between
excitation and imaging (washout effect). Assuming laminar
flow, the peak velocity in our experiment was 70 cm/s (twice
the mean velocity), whereas fluid traveling at greater than 60
cm/s will wash out of the 15-mm thick imaging slice during the
25-ms echo time. We therefore discarded the central pixels in
the subsequent analysis. Other pixels will exhibit varying de-
grees of signal loss due to washout, but the effect will be the
same regardless of the saturation sequence used, so that a direct
comparison is possible. Fluid near the vessel walls also has a
reduced intensity, presumably because the greater radial veloc-

TABLE 1
Theoretical Value of Longitudinal Magnetization Mz Remaining

after Application of a Number of Ideal Equal-Duration Spoiler
Pulses

Number of pulsesn Mz Mz

1 0 0.000
2 0 0.000
3 1/2 0.500
4 1/2 0.500
5 1/8 0.125
6 1/8 0.125
7 7/16 0.438
8 7/16 0.438
9 21/128 0.164
10 21/128 0.164

Note.Both exact and decimal values are given (see Appendix).
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ity gradient there leads to dephasing of the spins within a pixel.
We did not use flow-compensated sequences in this work, as
we wished to study the saturation effects in isolation. Some
ghosting is apparent in the phase (vertical) direction, and
Fourier ringing (Gibbs artifact) can be observed in the readout
(horizontal) direction.

When the saturation band is moved upstream of the image
plane, the flowing fluid signal intensity is reduced (Figs. 3b and
3c). Signal intensity measurements were made on an annular
region of interest (ROI) of outer radius 3 mm (coinciding with
the tube wall) and inner radius 1 mm to exclude fluid that
theoretically exhibits complete washout. Suppression factors of
5.0 (i.e., residualMz 5 0.20) and 6.5 (Mz 5 0.15) were found
for the equal-duration and geometric saturation sequences,
respectively.

It is possible to calculate the residualMz expected from the
ROI by using the radial velocity distribution and the results of
Fig. 2a. At each radius (1–3 mm, in sufficiently small steps),
the velocity is calculated assuming a parabolic profile with a
central maximum velocity of 70 cm/s.Mz for that velocity is
read from the data file corresponding to Fig. 2a, and the signal
is multiplied by the elemental annular area. These contribu-
tions are summed over the range of radii corresponding to the
annular ROI. The resulting theoretical suppression factors (re-
sidualMz) for the equal-duration and the geometrically increas-
ing duration spoiler pulse trains are 3.6 (0.28) and 36 (0.03),
respectively.

Thus, the experimental suppression factor of 5.0 for the
equal-duration sequence is rather better than the 3.6 expected
from the simulations, whereas the factor of 6.5 for the geomet-
rical sequence is rather disappointing compared with the the-
oretical value of 36. Nonetheless, the geometric sequence
yields a modest but worthwhile improvement over the equal-
duration sequence under these conditions.

The poor performance of the geometric sequence (relative to
the simulations) may be due to several factors. We did not
model the effect of the imaging sequence itself in the simula-
tions presented here. Although the image readout gradient
(applied in the same (x) direction as the spoiler gradient) will
perturb the carefully balanced timing of the geometrical pulse
train, thereby causing some unwanted refocusing of magneti-
zation, preliminary results from more complete simulations
suggest that the effect may not be very significant. Another
simplification made in the simulations was that the RF pulses
were regarded as acting instantaneously. In the actual se-
quences, their duration was 2.56 ms, during which time spins
will move slightly, thus complicating the excitation profile.
Slice select gradient pulses are applied (in the direction of
flow) simultaneously with the RF pulses in order to define the
saturation region. The effects of these pulses are extremely
complex to evaluate, asv (Eq. [1], Appendix) itself then
becomes a function of time, and the simple model of spoiling
no longer holds. However, because these pulses are applied in
a direction orthogonal to the spoiler trains, their effect should
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be to increase the suppression factor, and this may explain why
the equal-duration spoiler sequence performed better than sug-
gested by the corresponding simulation. A further complication
is the nonideal saturation band profile, such that spins experi-
encing an excitation pulse when near either edge of the band
will be flipped not by 90° but by some lower angle. Eddy
current effects may also contribute to the discrepancies be-
tween theory and experiment.

Although fast-flowing fluids with long T1 will not reach
equilibrium magnetization in the time available between
entering the 1.5-T field of the scanner and reaching the
imaging region, this applies equally to both types of spoiler
sequence and should not be important so long as a direct
comparison is made with all other factors being held the
same. Increasing the time the fluid spends in the scanner
would entail folding or coiling the inlet tube, thus disrupting
the laminar flow. Similarly, relaxation of magnetization
between the saturation and image planes will affect both
spoiler sequences equally.

Figure 2 suggests that the suppression of signal from
blood should be slightly easier than for water, because of the
reduced T1 and T2. The experimental study with water
therefore represents a worst case, as well as being much
more convenient to carry out. Although we did not explicitly
study pulsatile flow, we have studied the range of velocities
encounteredin vivo by taking care to make measurements
under conditions of laminar flow.

The inadvertent creation of stimulated echoes was not dis-
cussed by Mugler and Brookeman (8) in their investigation of
flow artifact suppression, but can be observed in their results
for slow flow where poor suppression is achieved. Unfortu-
nately, they do not give any details of the spoiling pulses used.

Stimulated echoes could be avoided if the spoiler gradi-
ents were applied along orthogonal directions for successive
repetitions of the pulse sequence, but there will be a lower
velocity below which all three orthogonal directions have
been used and stimulated echoes then become inevitable.
This situation could be avoided by increasing the length of
the basic pulse train. This is not a straightforward matter,
however, since adding shorter pulses at the beginning of the
train does little to increase the overall time, and in any case,
they may not be long enough to achieve adequate dephasing.
Adding longer pulses at the end of the train leads very
quickly to excessive spoiler pulse durations so that the
maximum allowable flow velocity is severely reduced. One
solution would be to reduce the geometric factor, although
this would weaken the overall suppression achieved. The
value of 1.5 used in this work is a compromise between the
factor 2 suggested by Barker and Mareci (20) and lower,
less effective values. In continuous suppression schemes,
there is a need to balance the pulse durations against the
range of velocities likely to be encountered. Since it is the
integrated amplitude–time function that determines the
amount of dephasing (19, 20), it would also be possible to

vary the spoiler gradient pulse amplitudes rather than their
durations. However, similar limitations apply: Low ampli-
tudes would not produce adequate spoiling, and the avail-
able hardware sets an upper limit. An alternative approach is
RF dephasing (22), which was used by Karlsenet al. (13) in
combination with gradient spoiling.

CONCLUSIONS

The continuous saturation of magnetization in a flowing
fluid is a nontrivial problem when a range of velocities is
present, as in thein vivo case. The use of a train of geometri-
cally increasing duration spoiler gradient pulses leads to more
effective suppression than does a train consisting of equal-
duration spoilers, since stimulated echoes are avoided. Simu-
lations suggested that the magnetization of water flowing under
laminar conditions and with a mean velocity of 35 cm/s could
be suppressed by factors of 3.6 and 36 using equal-duration
and geometrically increasing duration spoiler pulses, respec-
tively. With a flow phantom, the actual suppression factors
achieved were 5.0 and 6.5, respectively. Reasons for the dis-
crepancy, particularly the disappointing performance of the
geometric sequence, may include finite-duration RF pulses,
saturation region slice select gradients, and imaging gradients.
These effects are being studied in more complete simulations.

It is shown analytically that a long train of ideal equal-
duration spoiler pulses converts initial magnetization (0, 0,M0)
into a combination of longitudinal and transverse magnetiza-
tion equal to 0.29 (2M0, 0,M0), and is therefore unsatisfactory
for continuous saturation.

APPENDIX

Simulation of Spoiling

In between applied RF pulses, the magnetization relaxes
with time constants T1 and T2, which are the longitudinal and
transverse decay times, respectively. Relaxation over a period
t is represented by the matrixR, where

R 5 S exp~2t /T2!cos~vt ! 2exp~t /T2!sin~vt !
exp~2t /T2!sin~vt ! exp~2t /T2!cos~vt !

0 0

0 0
0 0

exp~2t /T1! 1 2 exp~2t /T1!
D . [1]

R is applied to the augmented magnetization (Mx, My, Mz, M0),
whereM0 is the equilibrium longitudinal magnetization andv
is the effective angular frequency. For on-resonance magneti-
zation in the absence of an applied gradient,v is zero for all the
spins contributing to the signal. When a (spoiling) gradientG
is applied,v takes on the valuev(r ) 5 gG z r whereg is the
gyromagnetic ratio andr is the position of the contributing spin

18 IAN MARSHALL



within the image plane. Implicit in this relationship is the time
independence ofv(r ); that is, the spoiling gradient is not
applied in the direction of flow. Contributions arise from all the
spins across a pixel, so that we must consider a range of values
of r (19). This amounts to considering a range of frequencies
v(r ), and applying the entire pulse sequence to them all, taking
the sum at each discrete time point. Analytically, the effect of
an ideal spoiler pulse of durationt (neglecting relaxation) is to
reduce the net transverse magnetization from unity to

M ideal,spoiling 5
1

vm
E

0

vm

e~2ivt!dv 5
i

vmt
~e~2ivmt! 2 1! , [2]

where vm is the maximum frequencyv(rm) 5 gG z rm,
corresponding to the far edge of the pixel at positionrm.
Equation [2] represents a behavior that is oscillatory with time,
and with an envelope that is inversely proportional to time. The
first zero occurs whenvmt 5 2p (i.e., t 5 2p/gGrm) corre-
sponding to one complete wrap of the magnetization phase
across the pixel. Numerical simulations use a numberN of
discrete ‘‘isochromats’’ rather than an integral, and Eq. [2] is
replaced by the summation

M num,spoiling 5
1

N O
j50

N21

e~2ijvmt/N! 5
1

N S 1 2 e~2ivmt !

1 2 e~2ivmt/N!D . [3]

The summation of Eq. [3] differs from the integral of Eq. [2],
having subsidiary maxima whenevervmt/N is a multiple of 2p.
These ‘‘diffraction grating’’ maxima are an artifact of using a
discrete sum rather than a continuous integral, and must be
avoided in simulations of spoiling by using sufficiently many
isochromats so thatvmt/N ! 2p. This translates to

N @
gGrm

2p
O
i5l

n

Tspoil~i! , [4]

where rm represents the pixel size, and the blood velocity is
such that it experiences saturation pulsesl, l 1 1, . . . ,n while
traversing the saturation region. When Eq. [4] is satisfied, the
spurious maxima are effectively shifted to beyond the time
frame of interest.

Analysis of a Train of Equal-Duration Spoilers

Repeated pulses.An exact analytical solution is possible
for the case of a train of excitation/spoiler pulses of equal
duration. A 90° RF pulse applied along they-axis can be
represented by the rotation matrixPy, where

Py 5 S 0 0 1
0 1 0

21 0 0
D . [5]

Similarly, the application of a gradient spoiling pulse causes a
rotationu 5 gG z r t about thez-axis, whereg is the gyromag-
netic constant,G is the gradient strength,r the position of the
contributing spin, andt is the pulse duration. This rotation can
be represented by the matrixRu, where

Ru 5 S cos~u ! 2sin~u ! 0
sin~u ! cos~u ! 0

0 0 1
D . [6]

The composite excitation and spoiling pulseC is given by the
matrix productC 5 RuPy, namely,

C 5 S 0 2sin~u ! cos~u !
0 cos~u ! sin~u !

21 0 0
D . [7]

In the absence of relaxation, the application ofn such pulses to
initial magnetizationM init 5 (0, 0, M0) leads to a final mag-
netizationMfinal 5 Cn M init. This can be evaluated explicitly in
terms of polynomials of sin(u) and cos(u). Assuming perfect
spoiling, all values ofu are equally likely, so that one takes the
average overu. Terms in the polynomials involving odd pow-
ers of sin(u) or cos(u) therefore vanish, leaving terms of the
form sin2l(u)cos2m(u) (l, m 5 [0, 1, 2, . . .]). It is readily shown
that after the first few pulses, the remaining longitudinal mag-
netizationMz (z-component ofMfinal) is as given in Table 1.

Many pulses. Observing that the sequence of values ofMz

appears to converge, it is pertinent to investigate the behavior
asn increases. Clearly, this matrix multiplication method be-
comes impractical forn much larger than tabulated here. An
alternative method is to regardC as a composite rotation about
its eigenvectorn. After many rotations by all possible angles,
only the componentv of M init parallel ton will remain, the
perpendicular components having been completely dephased.
We then take the average ofv over all angles to arrive at the
final magnetization. A suitably normalized eigenvector ofC is

n 5 1
1

Î1 1 sin2Su

2D2 S2sinSu

2D , cosSu

2D , sinSu

2DD , [8]

and the component ofM init along this axis is

v 5 ~M init z n!n

5 M01 sinSu2D
11 sin2Su2D2S2sinSu2D , cosSu2D , sinSu2DD. [9]
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Mfinal is then given bya(2M0, 0, M0), wherea is the mean
value of

sin2Su

2D
1 1 sin2Su

2D
which evaluates to [12 (=2 /2)]. This has a numerical value
of 0.29.
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